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Determination of periodic orbits for a Hamiltonian
system together with their semi-classical quantiza-
tion has been a long standing problem. We consider
here resonances for a h-Pseudo-Differential Operator
H(y, hDy; h) induced by a periodic orbit of hyperbolic
type at energy E0. We generalize the framework of
[13], in the sense that we allow for both hyperbolic
and elliptic eigenvalues of Poincare´ map, and show
that all resonances inW = [E0−ε0, E0+ε0]−i]0, hδ], 0 <
δ < 1, are given by a generalized Bohr-Sommerfeld
quantization rule (BS).
1 Hypotheses and the main result.
Though our results apply to some manifolds, we
restrict the attention to Rn. Let H(y, hDy;h)
be a self-adjoint h-Pseudo-Differential Operator (h-
PDO) on L2(Rn)
Hw(y, hDy;h)u(y;h) = (2πh)
−n
∫ ∫
ei(y−y
′)η′/h
×H(y + y
′
2
, η′;h)u(y′) dy′ dη′
(1)
We assume it has Weyl symbol H(y, η;h) ∈
S0(m), where m is an order function (for example
m(y, η) = (1 + |η|2)M ), and
SN (m) = {H ∈ C∞(T ∗Rn) : ∀α ∈ N2n, ∃Cα > 0,
|∂α(y,η)H(y, η;h)| ≤ CαhNm(y, η)}
with the semi-classical expansion H(y, η;h) ∼
H0(y, η) + hH1(y, η) + · · · , h → 0. Here H0 is the
principal symbol of H , H1 its sub-principal sym-
bol. We assume that H(y, η;h) + i is elliptic, i.e.
|H(y, η;h) + i| ≥ const.m(y, η), and extends as an
analytic symbol in the sense of [25] in a sector
Γ0 = {(y, η) ∈ T ∗Cn : | Im(y, η)| ≤ const.〈Re(y, η)〉}
Let the energy surfaceH−10 (E0) be regular for some
E0 ∈ R, that we may set up to 0. So the Hamilto-
nian vector field XH0 has no fixed point on H
−1
0 (0),
hence on nearby energy surfaces H−10 (E). Let
Φt = exp(tXH0) : T
∗
R
n → T ∗Rn and
KE = {ρ ∈ H−10 (E),Φt(ρ) 9∞ as |t| → ∞} (2)
be the trapped set at energy E. We assume that
K0 = γ0 is a periodic orbit of period T0, or possibly
a finite union of such orbits. Let P0 be Poincare´
map, or the first return map, acting on Poincare´
sections Σ(ρ) ⊂ T ∗Rn, ρ ∈ γ0. Assume also that
γ0 is non degenerate, i.e. 1 is not an eigenvalue
of dP0, then it follows from Poincare´ Continuation
Theorem that for |E| small enough, γ0 belongs to a
one parameter family (the center manifold) of such
periodic orbits KE = γE of period TE . We iden-
tify the center manifold with a neighborhood of the
zero-section in T ∗S1, and each Σ(ρ), ρ ∈ γ0 with
Σ ≈ T ∗Rd, modulo the action of Hamiltonian flow.
Both γ and Σ are symplectic manifolds. For ρ ∈ γ0,
let λj , 1 ≤ j ≤ 2d = 2(n− 1) be the eigenvalues of
A0 = dP0 : C2d → C2d (Floquet multipliers).
The space C2d has the orthogonal symplectic de-
composition in (generalized) eigenspaces Fλ rela-
tive to the family (λj)1≤j≤2d. We are interested in
the case where A0 is partially hyperbolic, i.e. has at
least one eigenvalue λ of modulus 6= 1. Assume also
that Poincare´ map is non degenerate, i.e. F1 = {0},
and also Fλ = {0} for all λ ≤ 0. We say that λ ∈ C
is elliptic (ee for short) if |λ| = 1 (λ 6= ±1) and
hyperbolic (he) if |λ| 6= 1; if moreover λ ∈ R we
call it real hyperbolic (hr) and complex-hyperbolic
(hc) otherwise. Under the last assumption we can
define B0 = logA0. Eigenvalues µ = µ(λ) = logλ
of B0 (Floquet exponents) verify µ(λ) = µ(λ). Ac-
cordingly, exponent µ is said ee if Reµ = 0, hr if
µ ∈ R \ 0, and hc if µ ∈ C \R. So eigenvalues of
B0 have the form µj ,−µj in the hr sector, µj , µj in
the ee sector, and µj ,−µj , µj ,−µj 6= 0, Reµj > 0,
(with same multiplicity) in the hc sector. Every
pair of simple Floquet exponents µj ,−µj in the
ee sector can be ordered thanks to the symplectic
2structure on C2d. Namely if u is an eigenvector cor-
responding to such a µ, then 12iσ(u, u) ∈ R\ 0 with
a sign independent of u; so we call µ an eigenvalue
of the first kind if 12iσ(u, u) > 0. Alternatively,
the Hamiltonian flow of b(ρ) = 12σ(ρ,B0ρ) (Hermi-
tian form) with time of negative imaginary part is
“expanding” on an eigenvector corresponding to an
eigenvalue of the first kind. Let r be the number of
distinct µj ’s. For simplicity, assume r = d, hence b
diagonalizable. We know [4] that in a suitable basis
b(ρ) is a linear combinaison of elementary quadratic
polynomials Qj, and that we can choose complex
symplectic coordinates, so that Qj takes the form
Qj = xjξj . The Qj ’s play an important roˆle, since
they are formally “transverse eigenvectors” for H ,
microlocalized near γ0.
Our next Hypothesis is relative to partial hyper-
bolicity of Poincare´ map, in the sense that there
exists j ∈ {1, ..., r}, such that Reµj > 0. For
hyperbolic dynamical systems, we know [1] that
there are generically elliptic elements. Let Fµj ,
Reµj ≥ 0 denote again the eigenspace associated
with µj . We can rewrite the decomposition of C
2d
in the sum of unstable F+ =
⊕r=d
j=1 Fµj , resp. sta-
ble F− =
⊕r=d
j=1 F−µj spaces where F
± ≃ Cd are
(complex) Lagrangian subspaces of C2d, and F+
contains the eigenspaces associated with eigenval-
ues of the first kind.
Our last Hypothesis concerns the non-resonance
condition relative to Floquet exponents, which is
required to achieve Birkhoff normal form, namely
∀k ∈ Zd :
d∑
j=1
kjµj ∈ 2iπZ =⇒
d∑
j=1
kjµj = 0 (3)
For instance, when n = 2 and µ1 = iω1, it means
that the rotation number ω1 is irrational. We need
also the strong non-resonance condition on Floquet
exponents:
∀k ∈ Zd :
d∑
j=1
kjµj ∈ 2iπZ =⇒ k = 0 (4)
Examples: 1) The Model Hamiltonian
H˜(hDt, x, hDx;h) = −hDt +
d∑
j=1
µjQ
w
j (x, hDx)
(5)
Qwj (x, hDx) =
1
2 (xjhDxj + hDxjxj), with Periodic
Boundary Conditions on S1×Rd, serves as a guide-
line throughout this work. Here x may denote com-
plex variables, in some Bargmann representation of
the Hamiltonian.
2) A physical example is given by H(y, hDy) =
−h2∆y + |y|−1 + ay1 on Rn (repulsive Coulomb
potential perturbed by Stark effect) near an energy
level E > 2/
√
a. More generally, Schro¨dinger op-
erators with potentials with two or more bumps,
which are semi-classical analogues of Helmholtz op-
erators with obstacles, are considered in [27]. Such
a periodic orbit is sometimes called a libration in
the case of a compact energy surface.
3) The geodesic flow on the one-sheeted hyper-
boloid in R3 has an (unstable) periodic orbit of
hyperbolic type (Poincare´ example). This example
generalizes ([6], App.C) to a surface of revolution
in R4, involving two symmetric periodic orbits of
real-hyperbolic type at energy E1, and a periodic
orbit of mixed type in between, at energy E2 < E1
(with real-hyperbolic and elliptic elements). Our
method carries to the case when H(y, hDy) is the
geodesic flow on such manifolds, and KE the union
of two periodic orbits, provided we modify Grushin
operator of [28] accordingly.
We are concerned with semi-classical resonances
of H near 0, in the framework of “complex scaling”
theory and its extensions [23], [11], i.e. the discrete
spectrum in the lower-half plane of some suitable
analytic continuation of H as a closed, Fredholm,
but non-selfadjoint operator. Our main result, the
generalized Bohr-Sommerfeld quantization condi-
tion, can be formulated as follows (see also [19]):
Theorem 1 Under the hypotheses above, let (af-
ter re-ordering) µj = iωj, j = 1, · · · , ℓ, ωj > 0 be
the set of elliptic Floquet exponents for H0. Re-
call H1 from (??), and let H1(y(t), η(t)) dt the sub-
principal 1-form. We define the semi-classical ac-
tion along γE, by S(E;h) = S0(E)+hS1(E)+O(h2)
with
S0(E) =
1
2π
∫
γE
ξ dx (6)
S1(E) = − 1
2π
∫ T (E)
0
H1(y(t), η(t)) dt+
1
4iπ
d∑
j=1
µj(E) +
gℓ
4
(7)
Here µj(E) = µj + O(E) is Floquet exponent at
energy E, gℓ ∈ Z Gelfand-Lidskii (or Cohnley-
Zehnder) index of γE (depending only on elliptic
elements, see below). Then given any 0 < δ < 1,
the resonances of H near 0 in the “window” Wh =
3[− ε0, ε0] − i]0, hδ] (ε0 > 0 sufficiently small) are
given (at first order in h) by the generalized BS
quantization condition
S(E;h) + 1
2iπ
( d∑
j=1
kjµj(E) +O(h|k|2)
)
= mh (8)
with m ∈ Z, k ∈ Zd, provided |m|h ≤ ε0, |k|h ≤
const. hδ.
In the elliptic case, a similar theorem (for real
spectrum) was obtained in [2], [3], and [22]; in the
real hyperbolic case, in [13], [14] for | ImE| = O(h),
and [26] in dimension 2 with | ImE| = O(hδ) or
even larger, but selecting a single Floquet param-
eter in the semi-classical Floquet decomposition of
H near γ0, i.e. few “longitudinal” or “principal”
quantum numbersm ∈ Z. For related results about
trace formulas or concentration of eigenvalues in
the compact case, see [29], [30], [28], [21], [6]. For
the wave equation outside convex obstacles, where
all Floquet exponents of the billiard map are real-
hyperbolic, see [18], [12].
It is well known [28], [21], [9] that all resonances
in Wh are given by the zeroes of a “ζ-function”
ζ(z;h) = det(Id−N(z;h)), where N(z;h) =
ΠN (h)M(z;h)
∗ΠN (h) + O(hN ) is the approxima-
tion of order N of a semi-classical monodromy op-
erator M(z;h)∗ in a suitable (diagonal) basis of
homogeneous polynomials. We compute here the
semi-classical action at first order, which is the
main contribution of ζ(z;h). We make an essential
use of Birkhoff normal form in the neighborhood of
γ0. Higher approximations could be obtained as in
the 1-D case [17].
2 Construction of the monodromy opera-
tor
The main object to be constructed is the mon-
odromy operator M∗(E;h), a h-FIO defined on a
Poincare´ section and quantizing Floquet operator
associated with the periodic orbit.
1) Birkhoff normal form (BNF).
We start to find suitable coordinates near
γ. When Reµj > 0 for all 1 ≤ j ≤ d, the
stable/unstable manifold theorem guarantees the
existence of involutive manifolds Γ± in a neighbor-
hood of γ0 with TρΓ++TρΓ−+Tργ = T
∗
R
n, ρ ∈ γ0.
There are (real) symplectic coordinates (t, τ, x, ξ)
such that ξ = 0, dξ 6= 0 on Γ+, x = 0, dx 6= 0 on
Γ−, and (t, τ) parametrize γ. Intersecting with
the energy surfaces H−10 (E) gives the splitting
TρΓ+(E) + TρΓ−(E) + Tργ(E) = T
∗
ρH
−1
0 (E),
ρ ∈ γ(E), and Γ±(E) are Lagrangian sub-
manifolds in T ∗Rn intersecting transver-
sally along γ(E). In these coordinates
H0(y, η) = f(τ) + 〈B(t, τ, x, ξ)x, ξ〉. Here f
parametrizes the energy parameter f(τ) = E,
and is related with the period T (E) of γ(E) by
f ′(τ) = 2πT◦f(τ) . Performing a first canonical trans-
formation gives B(t, τ, x, ξ) = B˜0 + O(|τ |, |x, ξ|),
where the eigenvalues of B˜0 are Floquet exponents
for dP0 with positive real part. When µk is an
eigenvalue of the first kind, splitting of T ∗ρH
−1
0 (E)
as above still holds provided we take complex
variables. In both cases however, under the non
resonance conditions (??), (??) BNF holds in the
classical sense [5] as well as in the semi-classical
sense [15] and takes, modulo a small remainder
term, operator Hw(y, hDy;h) to a polynomial
in hDt and Q
w
j (x, hDx), Qj(x, ξ) as above. In
particular, the principal part of Hw(y, hDy;h)
is in BNF is given by (??) in some suitable
Bargmann (still formal) representation, provided a
reparametrization of energy.
2) Microlocalisation in the complex domain.
Resonances here are considered from the point
of vue of analytic dilations and Lagrangian defor-
mations; taking into account that there exists an
escape function (that grows along the flow of XH0)
which implies kind of a “virial condition” outside
the trapped set γ0, the most relevant region of
phase-space for such deformations is a neighbor-
hood of γ0. Here we make a complex scaling of the
form (x, ξ) 7→ (eiθx, e−iθξ), followed also by a small
deformation in the (t, τ) variables. Our main tool
is FBI transformation (metaplectic FIO with com-
plex phase, see [25], [20]) which takes the form, in
coordinates (s, y; t, x) ∈ T ∗Rn × T ∗Cn adapted to
Γ± as in BNF, and acts on u ∈ L2(Rn) as
T0u(x, h) =
∫
eiϕ0(t,s;x,y)/hu(s, y) ds dy
where ϕ0(t, s;x, y) = ϕ1(t, s) + ϕ2(x, y),
ϕ1(t, s) =
i
2 (t − s)2, ϕ2(x, y) = i2
[
(x − y)2 − 12x2
]
.
The corresponding canonical transformation is
κ0 = (κ1, κ2), with κ1 : (s,−∂sϕ1) 7→ (t, ∂tϕ1),
κ2 : (y,−∂yϕ2) 7→ (x, ∂xϕ2), and the corresponding
pluri-subharmonic (pl.s.h.) weight Φ0 = Φ1 + Φ2,
4with Φ1(t) = (Im t)
2/2, Φ2(x) = |x|2/4. In a very
small neighborhood of γ0, whose size will even-
tually depend on h, corresponding to θ = −π/4,
and that we call the “phase of inflation”, it turns
out that Hw(y, hDy;h) takes the simple form
above whose principal term is given in (??), and
the corresponding weight Φ˜(t, x) is just Φ0(t, x).
Otherwise we take θ small enough in a somewhat
larger neighborhood of γ0, which we call the “linear
phase”. Farther away from γ0 (in the “geometric
phase”) the weight is implied by the escape
function given by the non-trapping condition. All
these weights are patched together in overlapping
regions, so to define a globally pl.s.h. function
in Cn. They also define the contour integral for
writing a h-FIO in the complex domain, using
almost analytic extensions because of the loss of
analyticity in BNF. After these transormations,
H0 − E becomes elliptic everywhere but on γE .
3) Poisson operator and its normalisation.
Let Rnt be the section {t} × Rd of
R
n (in BNF coordinates). We look for
K(t, E) : L2(Rd) → L2(Rnt ) (formally),
microlocalized near Γ+(E), such that
H(hDt, x, hDx;h)K(t, E) = 0, K(0, E) = Id.
In the “phase of inflation”, considering realiza-
tions in the complex domain adapted to the
weight Φ˜θ, it takes the form K(t, E)v(x;h) =∫ ∫
ei(S(t,x,η)−yη)/ha(t, x, η;E, h)v(y) dy∧dη. Solv-
ing eikonal and transport equations, we find that
the leading term of S and a with respect to BNF
is given by those of (??), and K(t, E) is also in
BNF. Let χ ∈ C∞(R), be equal to 0 near 0, 1 near
[2π,∞[. There is a h-PDO B(E) = Bw(x, hDx;E)
such that L(t, E) = K(t, E)B(E) satisfies the “flux
norm” identity of [28]
( i
h
[H,χ(t)]L(t, E)v|L(t, E)v) = (v|v) (9)
Considering also microlocal reproducing kernels, we
show there exists P (s, E) = IdL2(Rns )+O(h) such
that∫
dE L(·, E)P (·, E)L∗(E) = IdL2(Rn)∫
dE L∗(E)L(s, E)P (s, E) = IdL2(Rns )
(10)
These (formal) computations can be carried out in
the framework of FIO’s in the complex domain.
4) The monodromy operator.
We set K0(t, E) = K(t, E) where K(t, E) is
Poisson operator with Cauchy data at t = 0,
and L0(t, E) = K0(t, E)B(E); we set similarly
L2π(t, E) = K0(t − 2π,E)B(E) with Cauchy data
at t = 2π. The monodromy operator (or semi-
classical Poincare´ map) is defined by
M∗(E) = L∗2π(E)
i
h
[H,χ]L0(·, E) (11)
as an operator on L2(Rd). As a function de χ,
M∗(E) follows a “0-1 law”: it is 0 if suppχ ⊂]0, 2π[,
and unitary if χ equals 0 near 0, and 1 near 2π. Uni-
tarity is shown using (??) and (??). For the model
case one has M∗(E)v(x) = e−2iπE/heπµv(xe2πµ)
when
∫
χ′(t) dt = 1. Moreover Schwartz kernel of
M∗(E) given by
M∗(t, x, z) = χ′(t)
∫
eiΨ2(t,x,z,η
′)/hm∗ dη′ (12)
(where m∗ = m∗(t, x, z, η′;h) is a suitable symbol)
is in BNF, and the integral is independent of t. In
factM∗(E) = eiR
w(x,hDx;E,h)/h, where R is h-PDO
in BNF, self-adjoint for real E.
3 The quantization condition
Reducing the spectral problem for Hw(x, hDx;h)
through a Grushin operator as in [28], [21],
[9], we consider the approximate kernel of
M∗(E) − IdL2(Rd), after taking suitable analytic
extensions with respect to E of Poisson and mon-
odromy operators. The discrete set of E’s such that
1 belongs to the spectrum ofM∗(E) is precisely the
set of resonances. We follow [13], [22], while taking
further advantage of BNF to compute resonances
lying farther from the real axis. Since M∗(E) is in
BNF (formal) eigenfunctions of M∗(E) are given
by homogeneous polynomials fk(x), whose degree
|k| depends on the accuracy of BNF; we can take
|k| = h−δ, for some 0 < δ < 1. So we need to
compute M∗(E)fk by asymptotic stationary phase
using (??), the leading term being fk(x) times the
phase factor eiS(E;h)/h involving the semi-classical
action S(E;h) = S0(E) + hS1(E) + O(h2), and
times a half-density. Still we shall formally discuss
the various terms in (??)-(??), without resorting
to M∗(E).
1) Action integral and half-density.
5In (??) we can readily identify the classical action
S0(E) =
1
2π
∫
γE
ξ dx, as well as the principal part of
a half-density. These are the “constant terms” (in-
dependent of the transverse variables) in M∗(E)fk
(the kernel of M∗(E) being given in (??)), which
contribute to the “longitudinal quantum number”
m as in the 1-D case. Namely, looking for a WKB
solution, we solve
(Hw − E)(aE±(y;E, h) exp[iφE±(y, E)/h]) = 0
and only take in account the “outgoing” so-
lution (+). The solution to the eikonal equa-
tion H0(y,
∂φE
∂y ) = E, is a multivalued func-
tion φE , such that if we denote by JE the
“first return” map (in space variable), then
φE(JEy) = φE(y)+C(E), where C(E) = 2πS0(E)
verifies S′0(E) = T (E). Solving next for the
first transport equation, we find accordingly
aE0 (JEy) = ρ(E)aE0 (y), where ρ(E) can be
computed in the coordinates of Sect.4.1. As-
sume for simplicity that the subprincipal symbol
H1(y, η) = 0. If dPE =
(
A(E) 0
0 tA(E)−1
)
denotes linearized Poincare´ map, we have
|ρ(E)| = | detA(E)|−1/2 = |∏dj=1 λj(E)|−1/2,
where λj(E) belong to the set of eigenvalues
of dPE of the first kind (of modulus 1), or of
modulus > 1, see [13], Prop.1.1. Thus in S(E;h)
and (??) we have identified S0(E) and the term
1
4iπ
∑d
j=1 µj(E) of S1(E). We can also identify
the contribution of polynomials fα in M
∗(E)fα.
Namely, let DE be the restriction of dPE to
F+, and D
E
∗ : QN (F+) → QN (F+) its push-
forward acting on the space of polynomials of
degree ≤ N . The eigenvalues of DE∗ are then the
numbers λ(E)−k = λ1(E)
−k1 · · ·λd(E)−kd , with
|k| = k1 + · · · + kd. This gives the “transverse”
quantum numbers kj and the sum on the LHS of
(??), the remainder O(|k|2) being given by higher
order terms in BNF.
2) Cohnley-Zehnder index.
We are left with the RHS of (??). We recall
[10], [22], [7], [24] the index of a symplectic arc
(Gelfand-Lidskii, or Conley-Zehnder), which ap-
pears in the quantization condition when elliptic
elements occur. It is defined for a differentiable
path Ψ : [0, T ] → Sp(2n;R) such that Ψ(0) = Id
and det(Id−Ψ(T ′)) 6= 0 for some T ′ ∈ [0, T ]. In the
present case, let Z(s) solve the variational system
along γE , i.e. Z˙(s) = JH
′′(Φs(ρ))Z(s), Z(0) = Id,
where we recall Φs(ρ) is the flow of XH0 issued from
ρ ∈ γE as in (??). We define Ψ(s) = dPE(s) as the
co-restriction Z˜(s) of Z(s) to Poincare´ sections, i.e.
Ψ : [0, T ] → Sp(2d;R). Then, Conley-Zehnder in-
dex can be interpreted as the mean winding number
of the eigenvalues of the first kind, or equivalently
the number of such eigenvalues crossing 1. Here we
take advantage of BNF and the splitting of T ∗Rd
in the incoming/outgoing manifolds to simplify the
argument of [24].
Recall Λ ∈ L(2d) (the Grassmanian of La-
grangian planes), can be represented as Λ = U(Rd),
U ∈ U(d) (unitary group); given a differentiable
path S1 → L(2d), s 7→ Λs = Us(Rd), Maslov uni-
versal class is defined by
dm(Λs) = dms =
1
4π
d(arg detU2s ) (13)
Consider for simplicity the linear situation, i.e.
Hamiltonian (??), without loss of generality we
may assume T = T ′ = 1. Integrating the varia-
tional system we find Z˜(s) =
(
C(s) B(s)
B(−s) C(−s)
)
,
where
(C(s)
B(s)
)
, C(s), B(s) symmetric, is a basis of
the Lagrangian subspace Λ+(s) = exp sXH(Γ+(0)),
and
(B(−s)
C(−s)
)
(by Fourier transform) a basis of
Λ−(s) = exp sXH(Γ−(0)). As in [8] we introduce
Cayley transformation
U(s) = (C(s) + iB(s))(C(s) − iB(s))−1
which parametrizes Λ+(s) and U(s) is unitary ex-
cept for finitely many points s ∈ [0, 1], correspond-
ing to discontinuities of dms at the passage of a
caustics (i.e. whenever sωk ∈ 2πZ, for some s, k,
µk = iωk being a Floquet exponent of the first
kind). Let dm˜s be the regular part of dms, by a
direct computation 14π
∫ 2π
0 dm˜(Λ(s)) = 2
∑ℓ
k=1 ωk,
where the summation runs over elliptic elements.
The variation of dms at a caustics can be deter-
mined as in ([16], Sect.3.3), using also the non de-
generacy of Poincare´ map. This gives (??) in the
model case. The general case follows from BNF
and stability of index gℓ under perturbation. Note
that computingM∗(E)fk by stationary phase read-
ily gives gℓ mod 4.
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